In this paper, we generalize this theorem by using the concept of common property (E.A). Our result generalizes and unifies several existing results involving generalized weak contractive conditions. We study also well-posedness of a related fixed point problem.
Introduction
The concept of the weak contraction was defined by Alber and GuerreDelabriere [4] in 1997. Actually in [4] , the authors defined such mappings for single-valued maps on Hilbert spaces and proved the existence of fixed points. Definition 1.1. Let (X, d) be a metric space and S be self mapping of X. Let φ : [0, ∞) → [0, ∞) be a function such that φ(0) = 0 and φ is positive on (0, ∞). We say that T is a φ-weak contraction if we have for all x, y in X Rhoades [22] showed that most results of [4] are still true for any Banach space. Also Rhoades [22] proved the following important fixed point theo-rem which is one of generalizations of the Banach contraction principle [5] , because it contains contractions as special case (φ(t) = (1 − k)t). This theorem was recently extended by Q. Zhang and Y. Song (see [24] ) to the context of generalized weak contractions.
A lot of investigations in metric fixed point theory are concerned with various extensions and generalizations of the Banach fixed point principle [5] for single-valued or set-valued mappings.
To deal with common fixed points for sets of mappings, Sessa [23] introduced the notion of weakly commuting maps in metric spaces. In order to generalize the concept of weak commutativity, Jungck [12] introduced the concept of compatible mappings. Jungck and Rhoades [13] defined a pair of self-mappings to be weakly compatible if they commute at their coincidence points.
We recall that if X is a nonempty set and S, T are self-mappings of X, then a point x in X is a coincidence point (resp. common fixed point) of S and T if S(x) = T (x) (resp. S(x) = T (x) = x). So S and T are weakly compatible if ST x = T Sx, whenever Sx = T x.
A point w ∈ X is called a point of coincidence of S and T if there exists a coincidence point x ∈ X of S and T such that w = Sx = T x.
To generalize the notion of noncompatible mappings, Aamri and Moutawakil (see [1] ) introduced the property (E.A). Definition 1.2.
[1] Let S and T be two self-mappings of a metric space (X, d). We say that S and T satisfy property (E.A) if there exists a sequence {x n } in X such that
The property (E.A) was extended by Y. Liu, J. Wu and Z. Li (see [17] ) to the case of two pairs of mappings. For later use, we introduce the following definitions. We denote Φ 1 the set of functions φ ∈ F + satisfying the conditions (b), (c), (d) and (e).
We denote Φ AD the set of functions φ ∈ F + satisfying the conditions (a) and (d).
We denote Ψ AD the set of functions ψ ∈ F + satisfying the conditions (b), (c) and (d).
To generalize the results of Rhoades [22] and Theorem 2.1 of [7] , A. Azam and M. Shakeel [3] have established the following theorem. Theorem 1.2. Let X be a metric space and S, T, f be self mappings of X and for each x, y in X
where φ ∈ Φ 1 . If SX ∪ T X ⊂ f X and f X is a complete subspace of X, then there exists a point p in X such that f p = Sp = T p. If S = T , then we recapture Theorem 2.1 of Beg and Abbas (see [7] ).
In 2010, M. Abbas and D. Dorić (see [2] ) have extended the main results of [24] and [11] by the following theorem. Theorem 1.3. Suppose that f, g, S and T are selfmaps of a complete metric space (X, d), f (X) ⊆ T (X), g(X) ⊆ S(X) and that the pairs (f, S) and (g, T ) are weakly compatible. If
for each x, y ∈ X, where φ ∈ Φ AD , ψ ∈ Ψ AD and where
then f, g, S and T have a unique common fixed point in X provided one of the ranges f (X), g(X), S(X) and T (X) is closed.
The purpose of this paper is two fold. Firstly, we intend to generalize Theorem 1.3 above. To this end, we introduce the concept of a pair of mappings which is generalized (ψ, φ)-weakly contractive w.r.t. another pair of mappings by means of a function ψ in a class Ψ wider than the class Ψ AD considered in Theorem 1.3. Our approach is based on the concept of common property (E.A). Secondly, we study the well-posedness of the common fixed point problem for two pairs of self-mappings of a metric space such that one of them is φ-weakly contractive w.r.t. the other.
The second section contains the main result of this paper (see Theorem 2.1). The third section is concerned with the study of well-posedness (see Theorem 3.1).
Coincidence and common fixed points
The pair (f, g) is called φ-weakly contractive with respect to the pair (I, J) if we have
The pair (f, g) is called (ψ, φ)-weakly contractive with respect to the pair (I, J) if we have
The pair (f, g) is called generalized (ψ, φ)-weakly contractive with respect to the pair (I, J) if we have The main result of this paper reads as follows.
Theorem 2.1. Let (X, d) be a metric space and let f, g, I, J be selfmappings of X. Let ψ ∈ Ψ A and φ ∈ Φ AD . We suppose that (H1): the pairs (f, I) and (g, T ) satisfy the common property (E.A), (H2): I(X) and J(X) are closed subsets of X, (H3): the pair (f, g) is generalized (ψ, φ)-weakly contractive with respect to the pair (I, J). That is:
where M (x, y) is given by (2.4).
Then,
(i) the pair {f, I} has a point of coincidence, (ii) the pair {g, J} has a point of coincidence.
Moreover, if the pairs {f, I} and {g, J} are weakly compatible, then the mappings f, g, I and J have a unique common fixed point in X.
Proof. Since the pairs (f, I) and (g, J) satisfy the common property (E.A), there exists two sequences {x n } and {y n } in X such that Since I(X) is closed in X, there exists a point u ∈ X such that t = Iu. We assert that f u = Iu. Indeed, for every nonnegative integer n, we have
. Obviously, by letting n go to infinity in (2.7), we get
. By using (2.6), (2.8), the continuity of ψ and the lower semi-continuity of φ, we get
which implies that φ(d(f u, Iu)) = 0, which by virtue of the property (d), will give d(f u, Iu) = 0. That is f u = Iu = t. Thus u is a coincidence point of f and I. Therefore, (i) is proved.
Since J(X) is closed, there exists a point v ∈ X such that t = Jv. We assert that gv = Jv. Indeed, by using the inequality (2.5), we get
From (2.9) and (2.10), we obtain
which gives φ(d(Jv, gv)) = 0. Since φ satisfies the property (b), we deduce that d(Jv, gv) = 0. Hence, Jv = gv = t. Thus v is a coincidence point of g and J. So, we have proved (ii).
From the analysis above, we conclude that
Suppose now that the pairs (f, I) and (g, J) are weakly compatible. Then we have (2.12) f t = It, and gt = Jt.
We shall prove that t is a common fixed point of the maps f, g, I and J. To this end, we start by observing that
By applying the inequality (2.5), we obtain
from which we deduce that φ(d(t, Jt)) = 0 which, by virtue of the property (d), implies that t = Jt. Therefore, we have t = gt = Jt. We observe that
from which we deduce that φ(d(It, t)) = 0. By virtue of the property (d), we obtain t = It. Therefore, we have t = f t = It. We conclude that t is a common fixed point of the mappings f, g, I and J.
The uniqueness of common fixed point t easily follows from the inequality (2.5) and the property (d) of the function φ. The proof is completed.
Well-posedness
The notion of well-posednes of a fixed point problem has evoked much interest to a several mathematicians, for example, F. S. De Blassi and J. Myjak (see [10] ), S. Reich and A. J. Zaslavski (see [21] ), B. K. Lahiri and P. Das (see [16] ) and V. Popa (see [19] and [20] ). (a) T has a unique fixed point z in X; (b) for any sequence {x n } of points in X such that lim n→∞ d(T x n , x n ) = 0, we have lim n→∞ d(x n , z) = 0.
For a set of mappings, it is natural to introduce the following definition.
Definition 3.2. Let (X, d) be a metric space and let T be a set of selfmappings of X. The fixed point problem of T is said to be well-posed if:
(a) T has a unique fixed point z in X; (b) for any sequence {x n } of points in X such that
we have lim n→∞ d(x n , z) = 0.
To state the main result of this section, we need to introduce the following definition. Concerning well-posedness, we present the following theorem, which is the main result of this section.
Theorem 3.1. Let (X, d) be a metric space and let f, g, I, J be four selfmappings of X. Let φ ∈ Φ A . We suppose that (A1): f (X) ⊂ J(X) and g(X) ⊂ I(X). (A2): I(X) and J(X) are closed subsets of X. (A3): The pairs (f, g) and (I, J) satisfy the following composite weak contractive condition:
for all x, y in X, where M (x, y) is given by (2.4). (A4): The pairs {f, I} and {g, J} are weakly compatible.
Then, the common fixed point problem for the set of mappings {f, g, I, J} is well-posed.
Proof. We know, by Theorem 1.3, that the mappings f, g, I and J have a unique common fixed point (say) z ∈ X. Let {x n } of points in X such that By the triangle inequality, the inequality (3.1) and the property (φ 2 ) of φ, we have
We deduce that To get a contradiction, let us suppose that the sequence {x n } does not converge to z. Then, the sequence {Jx n } does not converge to z. Hence, there exists a positive number > 0 and a subsequence {Jx n k } such that Since φ is nondecreasing, from (3.3) and (3.5), we obtain
By letting k to infinity, we get φ( ) = 0, a contradiction to the property (φ 3 ). This completes the proof.
